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YflK 517.5 


E.C. Ac|)aHaci>eBa (Hh-t npHKjia^HOH MaTeMaTiiKH h MexaHHKH HAH 

YKpaHHbl, CjiaBHHCK) 

P.P. CajiHMOB (Hh-t MaTeMaTHKH HAH YKpaiiHbi, KneB) 

AcHMnTOTHHecKoe noBe^eHHe Ha SecKOHeHHOCTH pemeHHit ypaB- 
HeHna BejibTpaMH. 

B ^aHHofi cTaTte iiccjie^yeTCH acHMiiTOTunecKoe noBe^eHne Ha 6ecKOHenHocTH ro- 
MeoMopcJ)Hbix pemeHiifi ypaBHemm BejibTpaMH npn pa3JiHHHBix ycjiOBnax Ha ^HjiaTa- 

H, HIO. 

I. BBefleHne. nycTb D - o6jiacTb b KOMnjieKCHOH njiocKOCTH C, T.e. 
CBH3Hoe OTKpbiToe no^MHOxcecTBO C h nycTb fi(z) : D —>■ C - H3MepnMaH 
4 )vhkhhh c \p{z)\ < 1 n.B. (noHTH Bcipny) b D. YpaenenueM BejibmpaMU 
iiasbibacTCM ypaBHeHiie ciiya 


fz = K z ) fz, 


( 1 ) 


rfle f- z = df = (f x + ify)/ 2, f z = df = (f x - if y )/ 2, z = x + iy, f x h f y 
nacTHbie 11 p oH3 b o/pibic OTo6p anemia / no x h y , cootbgtctb6hho . OyHKpiia p 
Ha 3 biBaeTCH komuackchum KoafifiuyuenmoM, a 



( 2 ) 


- dujiarnayuoHHUM omnomenueM ypaBHemia ([I]). YpaBHeHiie BejibTpaMH (CD) 
Ha3biBaeTCH eupootcdennuM , ecjin ess sup K fJ (z) = oc. 



JieHO flJIH MHOTHX BbipOK^CHHblX ypaBHeHHHX BejibTpaMH, CM., Hanp., COOTBeT- 
CTByK)IH,Iie CCbIJIKH B MOHOrpacjjMHX [1], |2|. 

2. IIpeflBapHTejiBHBie CBe^eHia. HanoMHHM HenoTopbie oiipcflCJiCHiiu. 
BopejieBa (JiyHKpiiH p : C —[0, oc] Ha3biBaeTca donycmuMou fljia ceMeiicTBa 
KpHBbix T b C, mmiyT p (E adinT, ecjin 



(3) 


7 



2 


fljra Bcex 7 £ r. Tor^a ModyneM ceMeftcTBa xpiiBbix T Ha3biBaeTCH BejiHHHHa 

A 4 (r) = inf f p 2 {z)dm{z) ( 4 ) 

pgadmF J 

C 

S^ecb m o6o3Ha t iaeT Mepy JIe6era b C. 

Cjieflya pa6oTe [ 3 ], napy £ = (A, C), r^e A C C - OTKpbiToe MHOxce- 
ctbo h C - HenycToe KOMnaKTHoe mhoxccctbo, coflepxcaipeecH b A, Ha3biBaeM 
KondencamopoM. KoH^eHcaTop £ Ha3biBaeTca KOJieyeeuM KondencamopoM , eo 
jih G = A \ C - KOJibpo, T.e., ecjiH G - oGjiacTb, flonojiHeHHe KOTopon C \G 
COCTOIIT B TOHHOCTII 113 flByX KOMnOHeHT. ToBOpHT TaKXCe, HTO KOHfleHCaTOp 

£ = (A, C) jiexaiT b o 6 jiacTii D : ecjii-i A c D. OxeBii^HO, hto earn f : D C 
HenpepbiBHoe, OTKpbiToe OTo 6 paxceHiie ii £ = (A, C ) - KOH^eHcaTop b D , to 
(/A, fC ) TaKxce KOH^eHcaTop b fD. ^ajiee f£ = (f A , fC). 

OyHKipia u : A —R adcoAtomno nenpepuena na npsiMou , HMeiomeH Heny- 
CToe nepeceneHiie c A , ecjiH OHa a6cojnoTHO HenpepbiBHa Ha jho 6 om OTpe 3 xe 
3TOH npxMOH, 3aKjnoHeHHOM b A. OyHKpiia u : A —> R npiiHafljiexcHT Kjiaccy 
ACL (adcojiforrmo nenpepuena na noumu ecex npAMUx), ecjni OHa aGcojuoT- 
ho HenpepbiBHa Ha noHTH Bcex npnMbix, napajuiejibHbix jho 6 oh KOop^HHaTHOH 
OCH. 

06 o 3 HanHM nepe 3 Co (A) MHOxcecTBO HenpepbiBHbix (J)yHKH,HH u : A —> R 
c KOMnaxTHbiM HociiTejieM, Wo(£) = Wo (A, C ) - ceMeiicTBO HeoTpupaTejibHbix 
(JiyHKpiiH u : A —>■ K. TaKiix, hto 1 ) u E Co(A), 2 ) u(z) ^ 1 7751 z £ C ii 3 ) u 
11p mh a/p T ic>K iit Kjiaccy ACL. Tanxce o6o3HanHM 



BejiHHHHy 

cap £ = cap (A, C) = inf / |Vw | 2 dm(z) (6) 

uew 0 {£) J 

A 

Ha3biBaiOT eMKocmbw kohtphc aTopa £. 

IlycTb D - o6jiacTb b C . E, F C D — npoH3BOJibHbie MHOxcecTBa. 06 o- 
3HamiM nepe3 A (E,F;D) ceMeftcTBO Bcex KpiiBbix 7 : [a, 6] — > C, KOTopbie 
coeflHHHiOT E h F b D , T.e. 7(a) £ A 1 ,7(6) £ F n 7(t) £ D npna < t < b. 
B 7a jibhch 1 n cm Mbi 6ya;eM Hcnojib 30 BaTb paBeHCTBO 


cap^ = M(A(dA,dC-,A\C )), 


(7) 



cm. TeopeMy 1 b [ 5 ]. 

H 3 BCCTHO, HTO 
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cap£ ^ 


47r 


In 


m(A) 

m(C) 


( 8 ) 


cm., Hanp., HepaBeHCTBO ( 8 . 9 ) b [ 4 ]. 

HanoMHHM cjieflyiomiie TepMHHbi. EtycTb do = dist (zq , <9D) n nycTb Q : 
D —> [0 , oc] - H 3 MepHMaH no iledery (J)yHKH,ira. IIojio>khm 


A(z 0 , n, r 2 ) = {z e C : n < \z - zq\ < r 2 } , (9) 


Si = S(zq, u) = {z G C : \z - zo\ = r*} , i = 1, 2. (10) 

ByqeM roBopiiTb, hto roMeoMopcJ)H3M f : D C HBjineTcn KOAbyeeuM 
Q- 80 M 60 M 0 p(f)U 3 M 0 M 6 moHKe Zq 6 D, eCJIII COOTHOIHGHH6 

M {A (f S h f S 2 JD)) ^ J Q(z) ■ f] 2 (\z - z 0 \) dm(z) (11) 

A 

BbinojiHeHO fljin jnodoro KOJibpa A = A(zo, fi, r 2 ), 0 < r\ < r 2 < do M flJia 
Kancflon H3MepnMon (J)yiiKiuin r/ : (ri,r 2 ) —> [0,oo] , Taxon. hto 

J r)(r) dr ^ 1 . ( 12 ) 

ToBopaT, hto roMeoMop4)H3M / : D -A C hbjihctch KOAbyeeuM Q-zoMeoMop- 
$u3mom e o6jiacmu D , ecjin ycjiOBne ( TITD BbinojiHeHO Bcex Tonen Zq 6 D . 
Cjieflyioipee yTBcpoK/jcHnc mookho Hanra b padoTe |5], TeopeMa 5.1. 

TeopeMa 1. IJycmb D u D' - odjiacmu e C, u f : D —> D' - zoMeo- 
Moptfmoe pemenue ypaenenuA BeAbmpaMU (Q|) KAacca <c « K, e L\JD). 
Tozda f HGJinemcsi KOAbyeeuM Q-zoMeoMop$u3MOM e Kaotcdou moune zq G D 
cQ(z) = K fl (z). 

3. noBe^etme Ha SecKOHeHHOCTH. AccnMTOTunecKoe noBe^emie Ha 
decKOHenHOCTii KOjibpeBbix Q-roMeoMop4)H3MOB npn onTHMajibHbix ycjiOBimx 
nccjieflOBajiocb b padoTe [7]. EtycTb ro - npon3BOJibHoe (JmKcnpoBaHHoe nojio- 
>KiiTejibHoe hhcjio. fljin roMeoMop<J)H3Ma / : C —>■ C nojiaraeM 


M(R, /) 


max 

\z-z 0 \=R 


I/O) -/(*>)! • 


(13) 
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JleMMa 2. Uycmb f : C —> C - dOMeoMoptfinoe peuiemie ypaenenuA 


BeAbmpaMU (E|) kjiclcccl W^. Ecau K p e L 1 1 oc (C) ; mo 2 d a 

M(A(fS h fS 2 JA)) <A(fl), 

gde (Si = 5(^o? r o) 5 ‘S'i = ^(^o, A) ; A = A(^o, ?"o, A) u 

-2 


(14) 


i? 


A(i?) = [ / 0(0 dt 


Kn(z) 0 2 (|z - 20) dm(z) 


(15) 


VTO 


3aa ak>6ou u3MepuMou (no Jledezy) fiyHKyuu 0 : [0, oo] — >■ [0, oo] maKou, umo 

R 

0 < J 0(0 dt < oo V R > ro . (16) 

ro 


0| dKa3amtAbcmeo. riycTb A = A(^o, ro, A) c 0 < ro < A. PaccMOTpiiM 
ri3MepriMyio (jwiiKiuno 


pit) 


V'ft) 

J tp(t) dt 


r 0 


0 , 


t e (r 0 , A) 
t E M\ (r 0 ,R). 


(17) 


OTMeTHM, HTO (J)yHKII,H5I r}(t) yflOBJICTBOpHCT yCJIOBHK) (1121). Torfla H3 TeOpeMbI 
1 BbiTexaeT opemca m- 

JleMMa 3. Uycmb p : C —>■ C - u3MepuMaR fiyfmyuR c \p{z)\ < 1 n.e. 
manan, umo K /L £ L 1 1 oc (C). Tozda ypaenenue (Q) ne UMeem 20 MeoMop$no 2 o 
pemenuA f : C —>■ C KAacca CodoAeea c acuMnmomuKou 

27 T 

liminf M(zq, /, R) e A ( fl ) = 0 . (18) 

i?-)- oo 


0| 0Ka3ameAbcm60. ripcfliiojio>KMM npoTHBHoe, a HMeHHO, hto cyipecTByeT 
roMeoMop0)Hoe pememie / : C —>■ C Kjiacca 140 ^ 0 . 

PaccMOTpiiM Kojibpo A = A(zo,ro, R) c 0 < ro < R. Tor^a (/Br, fB ro ) 
KOJIbpCBOH KOHfleHCaTOp B C H, COrjiaCHO (J7J), IIMeeM paBeHCTBO 

cap {JB r , fB n ) = M(A(dfB R , dfB n ; /A)) 
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a BBHfly rOMeOMOpcjDHOCTI! f : paBeHCTBO 

A (dfB R , dfB n ; /A) = / (A (dB R , 0B n - A)) 
B ciuiy jieMMbi 2 iiMeeM 


cap (fB R , }B n ) SC A (R) . 

C flpyroli CTopoHbi, b ciuiy HepaBeHCTBa (JHD BbiTeKaeT opeHKa 

_ 4-7T 

cap ( fB R , fB ro ) > 


i m(fB R ) 


KoM6iiHiipya fEEj) h (ED)), nojiynaeM, hto 

m (fB ro ) ^ m ( fB R ) e~^ . 


47T 


(19) 


( 20 ) 


( 21 ) 


3 aMeTHM, hto m{fB R ) ^ 7 tM 2 (zq, f, R), nosTOMy 113 HepaBeHCTBa (ETT) 
BbiTeKaeT cjieflyiomaH opeHKa 


m 


(fBj 


7T 


^ M(z 0 ,f,R)e . 


( 22 ) 


OneBHflHO, Mq = > o h He 3aBiiciiT ot R. IlepexoflH k HHOKHeiviy 

npe^ejiy iipn R oo h yniiTbiBan ycjiOBiie (ESI), nojiynaeM m(fB ro ) = 0, hto 
npOTHBOpeHIIT TOMeOMOptjDHOCTH 0T06pa>KeHHH /. 

JleMMa 4. Ilycmb /i : C —> C - u3MepuMau fiyuKyuA c \p(z)\ < 1 
n.e. u Kjj £ L 1 1 oc (C). IJpednoAOotcuM, umo cymecmeyem HeompuyameAbHau 
u3M6puMCLA (no Jledeey) cfjynKyuA mamA, umo 

R 

0 < I(R) = j dt < oo V R > ro , (23) 

u npu R —>■ oo 

J K^z)^ 2 (\z - 2 o I ) dm(z) ^ c • I P (R ), (24) 

A (z 0 ,r 0 ,R) 

zdep ^ 2. Tozda ypaenenue (QJ) He UMeem soMeoMopcfjHozo pememiA f : C —>■ C 
KAacca CodoAeea W loc c acuMnmomuKOu 


liminf M(zq, /, /?) exp f —— I 2 P (R)) = 0 . 

i?—>oo y c y 


(25) 
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JJoKasameAbcmeo. Bim/iy ycjiOBira (1244 nojiy^aeM 


J K^z)^ 2 (\z - z 0 \)dm(z) 

A (R) = A{z °' r °’ R) ---^ cI p -\R ) 


R 

f if;(t ) dt 

Ao 


Orciopa cjiepyeT, hto 

exp 


27r 


A(fl)J 


A exp 


I 2 - p (R) 

c 


TaKiiM o6pa30M, 3aKjiK}HeHne jieMMbi 4 BbiTexaeT H3 jieMMbi 3. 
B ^ajibHenmeM, pjiH pejibix k ^ 0 nojiaraeM 

6q 1, e\ e, &2 6 , • • • i &k +i exp 


(26) 


(27) 


(28) 


II 


lno t = t, lnit = lnt, lrp^^lnlnA lrp + i t = In lrp t. (29) 


JleMMa 5. Ftpu R > ejy cnpaeedjiueo paeencmeo 

R 

C dt 

— = lrpv+i R ■ 


/ N 

e N n ln k t 
k =0 


(30) 


/ JoKa 3 amejibcm 60 . ^eHCTBirrejibHO, BbinojiHiiB 3 aMeHy nepeMeHHOH s = 
lnjv t, iiojiyai-iM 3 a 5 iBjieHHoe yTBep^Kpemie: 


R 


dt 


lll:V R 


I N I 

e N n 111 /;; t 1 

k =0 


ds 

— = In lrpv R = lrpv+i R. 
s 


(31) 


Bbi6npa5i b jieMMe 4 ^(t) = 


-a -, r\) = ep a P = 1, iipiixopiiM k 

n Irife t 

k—0 


cjie^yiomeMy yTBep^cfleHHio. 
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TeopeMa 2. Ilycmb p : C —> C - u3MepuMasi cfjynKyusi c \p{z)\ < 1 n.e. 
mamsi, umo K fl £ L^C) u 


Kfj,(z) dm(z) 


N 


^ c ■ lnjv+i(i?) 


A{z 0 ,e N ,R) ln fc |z — Zq\ 

\k =0 


V R > e N . (32) 


Tozda ypaenenue (CP we UMeem zoMeoMopifinozo pemenusi f : C —> C KJiacca 
Co6ojieea c acuMnmomuKou 


lim inf 

R—>oo 


M(z o, /, R) 

K(R) 



(33) 


7 = #• 

Bbi6iipan b TeopeMe 2 iV = 0, npnxcypiM k cjie^yiomeMy cjie^CTBino. 

Cjie^CTBHe 1. Ilycmb p : C — > C - u3MepuMasi (fiynKyuu c \p(z)\ < 1 
n.e. mcLKan, umo K fl £ L 1 1 oc (C) u 


A(z 0: l,R) 


K ^ z)dm j X U c-\nR 

z - Zq \ 2 


V R > 1, 


(34) 


Tozda ypaenenue (QJ) ne UMeem zoMeoMopfinozo pemenusi f : C —>■ C KJiacca 
Co6oj\eea c acuMnmomuKou 


lim inf 

R—>oo 


M(z 0 , /, R) 

„ 2tt 


= 0. 


(35) 


Cjie^CTBHe 2. Ilycmb p : C —>■ C - u3MepuMasi cfjynKyun c \p{z)\ < 1 
n.e. marM.n, umo K fl £ ^i oc (C) u 

1 


2ttR 


j K„(z) \dz\ s: K 


M R> 1. 


(36) 


R( z o,R) 


Tozda ypaenenue (CP ne UMeem zoMeoMopcjinozo pemenusi f : C —>■ C KJiacca 
Co6ojieea c acuMnmomuKou 


lim inf 

i?—)• OO 


M(7q, /, fl) 
fl'/A' 


= 0 . 


(37) 
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